Let f be a newform of weight 2, square-free level and trivial character, let A f be the abelian variety attached to f and for every good ordinary prime p for f let f (p) be the p-adic Hida family through f . We prove that, for all but finitely many primes p as above, if A f is an elliptic curve such that A f (Q) has rank 1 and the p-primary part of X(A f /Q) is finite then all specializations of f (p) of weight congruent to 2 modulo 2(p − 1) and trivial character have finite (p-primary) Shafarevich-Tate group and 1-dimensional image of the relevant p-adicétale Abel-Jacobi map. Analogous results are obtained also in the rank 0 case. As a second contribution, with no restriction on the dimension of A f but assuming the non-degeneracy of certain height pairingsà la Gillet-Soulé between Heegner cycles, we show that if f has analytic rank 1 then, for all but finitely many p, all specializations of f (p) of weight congruent to 2 modulo 2(p − 1) and trivial character have analytic rank 1. This result provides some evidence in rank 1 and weight larger than 2 for a conjecture of Greenberg predicting that the analytic ranks of even weight modular forms in a Hida family should be as small as allowed by the functional equation, with at most finitely many exceptions.
Introduction
The theme of the present article is the study of certain arithmetic invariants of modular forms (algebraic ranks, analytic ranks, Shafarevich-Tate groups) when the modular forms they are attached to vary in a Hida family. Let f be a p-adic Hida family of tame level N , where p is a prime number such that p ∤ 2N . By definition, f ∈ R [[q] ] where R is a complete local noetherian domain that is finite and flat over a suitable p-adic Iwasawa algebra. A crucial property of f is that it admits specializations f ℘ at arithmetic prime ideals ℘ of R: every f ℘ is a cuspidal eigenform on Γ 1 (N p r ) for some r ≥ 1 (see §2.5 for details). For the sake of simplicity, in this introduction we ignore the phenomenon of "p-stabilization" (see §2.4). Thus, whenever we speak of an arithmetic invariant associated with f ℘ we tacitly understand that this notion refers (at least when the weight of f ℘ is larger than 2) to the newform of level N whose p-stabilization is equal to f ℘ , rather than to f ℘ itself.
LetZ denote the ring of integers in a fixed algebraic closureQ of Q and let P be a prime ideal ofZ above p. Let Q f℘ be the number field generated over Q by the Fourier coefficients of f ℘ , let O f℘ be the ring of integers of Q f℘ and write Q f℘,P (respectively, O f℘,P ) for the completion of Q f℘ (respectively, O f℘ ) at the prime P f℘ := P ∩ O f℘,P . Moreover, denote by V f℘,P the P f℘ -adic Galois representation attached to f ℘ by Deligne, which is two-dimensional over Q f℘,P , let V † f℘,P be its self-dual twist and let T † f℘,P be a suitably chosen O f℘,P -lattice inside V † f℘,P . Let ℘ be an arithmetic prime of R of even weight k ℘ > 2 and trivial character. Let Λ f℘,P (Q) ⊂ H 1 Q, T † f℘,P be the image of the P f℘ -adicétale Abel-Jacobi map attached to f ℘ and denote by X P (f ℘ /Q) the P f℘ -primary Shafarevich-Tate group of f ℘ over Q (see §5.2 and §5.5). The O f℘,P -module Λ f℘,P (Q) is finitely generated and we define the algebraic p-rank r alg,p (f ℘ ) of f ℘ to be the rank of Λ f℘,P (Q) over O f℘,P . In analogy with a well-known conjecture for abelian varieties over number fields, X P (f ℘ /Q) is expected to be finite for every ℘ as above (in fact, for any newform).
One of the goals of this paper is to study the algebraic invariants r alg,p (f ℘ ) and X P (f ℘ /Q) as ℘ runs over (a suitable subset of) the arithmetic primes of R of even weight and trivial character. On the one hand, as remarked below, analytic arguments suggest that r alg,p (f ℘ ) should be identically equal either to 0 or to 1, except for at most finitely many ℘. On the other hand, as far as Shafarevich-Tate groups are concerned, a result that one would ideally like to prove is the following: X P (f ℘ /Q) is finite for all ℘ as soon as X P (f ℘ /Q) is finite for one ℘. Unfortunately, a result of this form seems to be out of reach of current techniques. In general, while it is difficult to approach the variations of r alg,p (f ℘ ) and X P (f ℘ /Q) separately, a joint study of these two invariants can be much more effective.
To describe our results, we introduce some notation. Let f be a newform of weight 2, square-free level N and trivial character and let p be a good ordinary prime number for f , that is, a prime such that p ∤ N and f is p-ordinary in the sense that p does not divide the p-th Fourier coefficient of f . Here we are implicitly assuming that f is also P-ordinary (see §2.4), which is an important but technical point: in due course, we will carefully explain how to choose a suitable prime P ofZ above p (i.e., an embeddingQ ֒→Q p ). Let f (p) ∈ R[[q]] be the p-adic Hida family of tame level N passing through f , whose specializations will be denoted, as above, by f ℘ . Finally, write A f for the abelian variety over Q attached to f via Shimura's construction and let X p ∞ (A f /Q) be the p-primary part of the Shafarevich-Tate group of A f over Q.
Our first main result (Theorems 5.27 and 7.4) can be stated as follows.
Theorem A. Suppose that A f is an elliptic curve and the rank of A f (Q) is 0 (respectively, 1). For all but finitely many primes p that are good ordinary for f , if X p ∞ (A f /Q) is finite then all specializations f ℘ of f (p) of weight congruent to 2 modulo 2(p − 1) and trivial character satisfy r alg,p (f ℘ ) = 0 (respectively, r alg,p (f ℘ ) = 1) and #X P (f ℘ /Q) < ∞.
Now we turn our attention to an invariant of an analytic nature. For any specialization f ℘ of f (p) of even weight k ℘ and trivial character, let ε(f ℘ ) ∈ {±1} be the root number of f ℘ , i.e., the sign in the functional equation for the L-function L(f ℘ , s) of f ℘ . The root number controls the parity of the analytic rank r an (f ℘ ) of f ℘ , i.e., the order of vanishing of L(f ℘ , s) at s = k ℘ /2, in the sense that
It is known that ε(f ℘ ) is constant, except for finitely many ℘ that have necessarily weight 2 and have been described by Mazur-Tate-Teitelbaum, when ℘ varies over the arithmetic primes of R as above. A prime outside this finite exceptional set will be called generic; we set ε(f (p) ) := ε(f ℘ ) for any generic prime ℘ of R and call ε(f (p) ) the root number of f (p) . It is convenient to define the minimal admissible generic rank of f (p) as
Equivalently, r min (f (p) ) = 0 if ε(f (p) ) = 1 and r min (f (p) ) = 1 if ε(f (p) ) = −1.
A conjecture of Greenberg ([20] ) predicts that the analytic ranks of even weight modular forms in a Hida family should be equal to r min (f (p) ), with at most finitely many exceptions. Relatively little is known about this conjecture: as pointed out in §3.2, the results that are currently available deal (under some technical assumptions on f (p) ) either with ε(f (p) ) = −1 and weight 2 forms or with arbitrary (even) weight forms but ε(f (p) ) = 1. Observe that combining the conjecture of Greenberg with the conjectures of Birch-Swinerton-Dyer (in weight 2) and of Beilinson-Bloch-Kato (in higher weight) on L-functions of modular forms justifies the expectation (Conjecture 5.3) that r alg,p (f ℘ ) should equal r min (f (p) ) for all but finitely many ℘. It turns out (Corollaries 5.30 and 7.5) that Theorem A is consistent with (and, in fact, gives partial evidence for) this conjectural statement, which is expected to hold for all Hida families (not only those of square-free tame level).
As a second contribution (Theorem 6.5), with no restriction on the dimension of A f but assuming the non-degeneracy of certain height pairings that have been introduced (following Gillet-Soulé) by S.-W. Zhang in [75] to prove a counterpart for higher (even) weight modular forms of the Gross-Zagier formula, we offer Theorem B. Suppose that f has analytic rank 1 and that the height pairing in Zhang's formula is non-degenerate. For all but finitely many primes p that are good ordinary for f , all specializations of f (p) of weight congruent to 2 modulo 2(p − 1) and trivial character have analytic rank 1.
Since the assumption on r an (f ) implies that ε(f (p) ) = −1, this result (albeit conditional on the non-degeneracy of Zhang's heights) provides supporting evidence (the first of this kind, to the best of our knowledge) for Greenberg's conjecture in weight larger than 2 when r min (f (p) ) = 1.
For the convenience of the reader, we briefly sketch our strategy to prove Theorems A and B. Suppose that A f is an elliptic curve and denote it by E f . Under the assumption that r an (f ) = r ∈ {0, 1}, we introduce three sets Ξ f , Θ f and Ω f of prime numbers ( §4.3, §5.5 and §7.1). These sets, which are defined (using the Gross-Zagier formula and analytic results of Waldspurger, Bump-Friedberg-Hoffstein and Murty-Murty) in terms of, among other conditions, the non-triviality modulo p of the imaginary quadratic Heegner point that appears in the Gross-Zagier formula, consist of all but finitely many primes that are good ordinary for f . In particular, if p belongs to any of the above-mentioned sets and ℘ is an arithmetic prime of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character then, thanks to results of Fischman on the image of Λ-adic Galois representations ( [11] ), the residual P-adic representation attached to f ℘ has non-solvable image ( §4.5). This property, combined with work of Castella ([8] ) and of Ota ([55]) on the specializations of Howard's big Heegner points, leads us to our key technical result: for any ℘ as above, the imaginary quadratic Heegner cycle y ℘ (to be denoted by y ℘,K in the main body of the paper) that was originally defined by Nekovář is non-torsion over O f℘,P in the relevantétale Abel-Jacobi image ( §5.4). Once the non-degeneracy of Zhang's heights is assumed, Theorem B is then a consequence ( §6.3) of Zhang's formula of Gross-Zagier type for modular forms ( §6.1). We remark that the nondegeneracy that we need to impose is, in fact, predicted by the arithmetic analogues of the standard conjectures that have been proposed by Gillet and Soulé ([17] ).
To prove Theorem A, we note that the assumption that rank Z E f (Q) = r ∈ {0, 1} and #X p ∞ (E f /Q) < ∞ amounts, thanks to converses to the Gross-Zagier-Kolyvagin theorem due to Skinner-Urban (if r = 0) and to W. Zhang (if r = 1), to the condition r an (f ) = r. Since y ℘ is not torsion, Theorem A follows ( §5.5 and §7.2) from Nekovář's results on the arithmetic of Chow groups of Kuga-Sato varieties ( [50] ) combined with a comparison ofétale Abel-Jacobi images over Q and over certain imaginary quadratic fields ( §5.3), which may be interesting in its own right.
1.1. Notation and conventions. We denote byQ an algebraic closure of Q and writeZ for the ring of integers inQ (i.e., the integral closure of Z inQ). For every prime number ℓ we fix an algebraic closureQ ℓ of Q ℓ . Moreover, for every prime ℓ and every number field F we also fix field embeddings
Later on, we will specify how to chooseQ p for p in any of the sets of primes Ξ f , Θ f , Ω f alluded to before, and thenQ will be the algebraic closure of Q inQ p . The map ι ℓ determines a prime ideal L ofZ above ℓ that, in turn, induces a prime L F := ι −1 F L ∩ ι F (F ) of F above ℓ. In order to simplify our notation, when there is no risk of confusion we will often use alternative symbols to denote the ideal L F and related objects. For example, we write F L in place of F L F for the completion of F at the prime L F . For any number field K we denote by G K := Gal(K/K) the absolute Galois group of K, whereK is a fixed algebraic closure of K. For any continuous G K -module M we write H i (K, M ) for the i-th continuous cohomology group of G K with coefficients in M in the sense of Tate ([70, §2]). Finally, if K/F is an extension of number fields then
denote the restriction and corestriction maps in cohomology, respectively.
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Galois representations and Hida families
In this section, we provide some background on Galois representations attached to Hecke eigenforms and on Hida families of modular forms. This will also give us an occasion to introduce notation that will be used throughout this paper.
2.1.
Galois representations attached to modular forms. Let f ∈ S k (Γ 0 (M ), χ) be a normalized eigenform of weight k ≥ 2, level M ≥ 3 and character χ, whose q-expansion will be denoted by f (q) = n≥1 a n (f )q n .
Let Q f := Q a n (f ) | n ≥ 1 be the Hecke field of g, i.e., the subfield of C that is generated over Q by the Fourier coefficients of f . It is well known that Q f is a number field. Let p be a prime number and fix a prime p of Q f above p. Deligne has attached to f a p-adic representation V f,p of G Q ([10]), which is 2-dimensional over the completion Q f,p of Q f at p, unramified outside M p and, by a result of Ribet ([57, Theorem 2.3]), irreducible. Two "normalizations" of Deligne's representation are naturally available; in order to avoid any ambiguity, we specify the one that we use in this paper. Denote by H k (Γ 1 (M )) the Hecke algebra acting on S k (Γ 1 (M )). The eigenform f comes equipped with a Q-algebra homomorphism 
is the open immersion that gives the canonical compactification of the modular curve Y 1 (M ). The twodimensional Q f,p -vector space V f,p is endowed with a natural action of G Q and we write
for the corresponding homomorphism. We call V f,p the cohomological realization of Deligne's representation: it is characterized by the fact that the characteristic polynomial of a geometric Frobenius at a prime ℓ ∤ M p is the Hecke polynomial
For more details see, e.g., [ 
where Q f,p (1 − k) denotes, as usual, a Tate twist of the trivial representation and [χ] is the one-dimensional representation induced by χ as in [54, (1.3.4) ]. This shows that if V * f,p :=
It follows that if χ is trivial (hence k is even), which will eventually be the case in this paper, 
By taking the self-dual twist, we obtain Notice that the self-dual twist of V * f,p is (V * f,p ) † := V * f,p (1 − k/2). With this normalization, in weight 2 we recover the Tate module:
In the present article we always use the geometric realization of Deligne's representation and simply refer to V f,p in (2.1) as the p-adic Galois representation attached to f . 
for the corresponding Tate twist. When k = 2 one chooses T f,p so that T † f,p corresponds to Ta p (A f ) under isomorphism (2.4) . Let π f,p be a uniformizer for O f,p and definē
for the corresponding homomorphisms. The reduced representationsρ f,p andρ f,p depend on the choice of an O f,p -lattice inside V f,p (although the notation that we use does not reflect this dependence), but their semi-simplifications
The representationρ ss f,p is the residual representation of f at p. Remark 2.4. Since p = 2, the representationρ f,p is irreducible if and only if it is absolutely irreducible (see, e.g., [54, (1.5 
.3), (3)]).
Let ε cyc : G Q → Z × p be the p-adic cyclotomic character and writē
for the mod p cyclotomic character, i.e., the reduction of ε cyc modulo p. It follows that
, where "(k/2)" means that the action of G Q onT f,p is twisted by the k/2-th power ofε cyc . In particular,T f,p is irreducible if and only ifT † f,p is (see Remark 2.1).
Remark 2.5. As a consequence of (2.5), there is an identificationT †,ss f,p =T ss f,p (k/2).
Remark 2.6. If k ≡ 2 (mod 2(p − 1)) thenT † f,p =T f,p (1). 2.3. Reduction of dual representations. As in §2.2, assume that the character of f is trivial.
We shall simply writeT * f,p for the F p -linear representation of G Q in (2.6): it can equivalently be interpreted either as the reduction of T * f,p or as the dual ofT f,p . We denote bȳ ρ * f,p : G Q −→ GL(T * f,p ) the corresponding homomorphism. 2.4. p-stabilization of modular forms. Let g ∈ S k (Γ 0 (M ), χ) be a normalized eigenform of weight k ≥ 2 and character χ, with q-expansion g(q) = n≥1 a n (g)q n and Hecke field Q g . Let p be a prime number such that p ∤ M , recall the prime P g := P Qg of Q g above p that was introduced in §1.1 and denote by Q g,P the completion of Q g at P g . Assume that g is P-ordinary, i.e., a p (g) is a unit of the local field Q g,P ; equivalently, a p (g) / ∈ P g . It follows that the Hecke polynomial
has exactly one root that is a P g -adic unit, say α. If g is a newform then the p-stabilization of g is defined to be
Then g ♯ is a P-ordinary normalized eigenform of weight k and level M p such that, with selfexplaining notation, a ℓ (g ♯ ) = a ℓ (g) for all primes ℓ = p and U p (g ♯ ) = αg ♯ , where U p is the usual Hecke operator on modular forms. Lemma 2.9. ord s=k/2 L(g, s) = ord s=k/2 L(g ♯ , s).
Proof. The L-function of g ♯ is equal to the L-function of g with the Euler factor (1 − βp −s ) −1 removed, and the claim follows.
With a terminology that will be introduced in Definition 3.1, Lemma 2.9 says that the analytic ranks of g and of g ♯ are equal.
Remark 2.10. With notation as above, let V g,P be the P g -adic representation of G Q attached to g (see §2.1). Recall that V g,P is irreducible, unramified outside M p and with the property that if ℓ is a prime such that ℓ ∤ M p then the trace of a Frobenius element at ℓ acting on V g,P is a ℓ (g). Since semi-simple Galois representations are determined (up to isomorphism) by the traces of Frobenius elements at all but finitely many (unramified) primes (see, e.g., [29, p. 108]), we conclude that V g,P and V g ♯ ,P (or, rather, their base changes toQ p ) are equivalent. Remark 2.11. A closely related (but not equivalent) notion is that of a p-ordinary form g, by which we mean that a p (g) / ∈ pO g . Of course, since pO g ⊂ P g , if g is P-ordinary then g is p-ordinary; however, g being p-ordinary does not guarantee, in general, that there is a prime ideal P of O g such that g is P-ordinary. At the end of §4.3 we shall explain how to deal, in our context, with this issue. Our next goal is to introduce, as in [21, Definition 2.5], the notion of p-stabilized newform. A P-ordinary, normalized eigenform g ∈ S k Γ 0 (M p r ), χ is a p-stabilized newform (of tame conductor M ) if the following two conditions hold:
(1) the conductor of g is divisible by M ;
(2) the level of g is divisible by p.
It can be checked that a p-stabilized newform g is either already a newform of level M p r or is the p-stabilization f ♯ of a newform f of level M as defined above. As previously remarked, in the latter case the level of g is M p.
Remark 2.12. Let g ∈ S k (Γ 0 (M p r )), with r ≥ 1, be a normalized eigenform of weight k ≥ 2. As a consequence of [25, Proposition 3.1], if g is P-ordinary and k > 2 then g is old at p (see also [31, Lemma 2.1.5]). It follows that if g is a p-stabilized newform of weight k > 2 then necessarily g = f ♯ for a newform f of level M .
For further details and related results, see [ 
such that for all η ∈ X arith the power series
is the q-expansion of a cuspidal eigenform on Γ 1 (N p r ) for some r = r ℘ ≥ 1. The modular form f η is called the specialization of f at η. By definition, a continuous homomorphism
for some integer k ≥ 2 and some finite order character ψ of Γ. The kernels of arithmetic morphisms are called arithmetic primes of R. The integer k appearing in (2.7) is the weight of the arithmetic morphism (or of the associated arithmetic prime). If ℘ is an arithmetic prime of R of weight k then we set k ℘ := k.
Given an arithmetic prime ℘ of R corresponding to a morphism η ℘ , we write f ℘ for the specialization f η℘ of f , whose weight is k ℘ . It turns out that the field F ℘ := R ℘ /℘R ℘ is a finite extension of Q p to which the Fourier coefficients of f ℘ belong; we fix an embedding ι ℘ : F ℘ ֒→Q p . Moreover, R/℘ is the valuation ring of F ℘ . Finally, for each ℘ as above the specialization f ℘ is a p-stabilized newform (of tame conductor M ) in the sense of §2.4 ([26, Corollary 1.3]).
Remark 2.13. By a slight abuse of terminology, we will usually identify a Hida family with
By Hida theory ([26, Theorem 2.1]), there is a "big" representation T of G Q that (under standard assumptions on residual representations, cf. §4.4) is free of rank 2 over R and satisfies the following property: for every arithmetic prime ℘ of R the quotient T ℘ /℘T ℘ is equivalent overQ p (i.e., after a finite base change) to the dual V * f℘,P of the representation V f℘,P of G Q attached to f ℘ as in §2.1 (see, e.g., [54, (1.5.5)]). The representation
is unramified outside N p and tr ρ f (Frob ℓ ) = a ℓ (f ) for all prime numbers ℓ ∤ N p, where Frob ℓ denotes the conjugacy class in G Q of an arithmetic Frobenius at ℓ.
Remark 2.14. From here on, in order to lighten our notation, for every modular form g as above we simply write V g in place of V g,P . Analogously, T g,P will be denoted by T g . Now let f ∈ S k (Γ 1 (M )) be a P-ordinary normalized newform of weight k ≥ 2. Notation being as in §2.4, set
The cusp form f 0 can be characterized as the unique (normalized) P-ordinary eigenform of weight k and level divisible by p with the property that a n (f 0 ) = a n (f ) except for those n divisible by p ] such that f 0 = f ℘ for some arithmetic prime ℘ of R. This property is often expressed by saying that there is a unique Hida family passing through f .
Greenberg's conjecture in Hida families
After recalling some properties of root numbers in Hida families of modular forms, we state Greenberg's conjecture (Conjecture 3.7), which predicts that the analytic ranks of all but finitely many forms of even weight and trivial character in a Hida family should be as small as possible.
3.1. Root numbers in Hida families. Let g ∈ S k (Γ 0 (M )) be a normalized newform of weight k ≥ 2 with q-expansion g(q) = n≥1 a n (g)q n and write L(g, s) for its L-function.
is the root number of g (see, e.g., [32, Theorem 9 .27]).
Definition 3.1. The analytic rank of g is r an (g) := ord k/2 L(g, s).
It follows that r an (g) is even if ε(g) = 1 and is odd if ε(g) = −1, i.e., (−1) ran(g) = ε(g).
Remark 3.2. The definition of analytic rank makes sense also when the eigenform g is not a newform (and so g may not satisfy a functional equation of the shape (3.1)). Lemma 2.9 ensures that r an (g) = r an (g ♯ ).
Remark 3.3. For a description of the functional equation satisfied by a newform on Γ 0 (M ) whose character is not necessarily trivial, the reader is referred, e.g., to [48, Theorems 4.3.12 and 4.6 .15] .
] be a Hida family as in §2.5 and let ℘ be an arithmetic prime of R of even weight and trivial character. By Remark 2.12, if k ℘ > 2 then there is a newform f ♭ ℘ of level N and trivial character such that (f ♭ ℘ ) ♯ = f ℘ . The same is true if k ℘ = 2 and f ℘ is not new at p, while if f ℘ is a newform of level N p r for some r ≥ 1 then we set f ♭ ℘ := f ℘ . For every ℘ as above, let ι ℘ : F ℘ ֒→Q p be the embedding that we fixed in §2.5. Fix also an embedding ι ∞ :
we can view f ℘ as a classical modular form with complex Fourier coefficients. Analogous considerations apply to f ♭ ℘ . Except for finitely many arithmetic primes ℘ of R, which were explicitly described by Mazur, Tate and Teitelbaum in [45] , the root number ε(f ♭ ℘ ) of the newform f ♭ ℘ is constant as ℘ varies (see, e.g., [54, (3.4.4) ] or [53, Proposition 12.7.14.4, (i)] for details). An arithmetic prime not belonging to this finite set of bad (or, better, exceptional) primes is called generic; similarly, the specialization of f at a generic arithmetic prime is called generic.
The next lemma will be used to deduce the vanishing of special values of higher weight forms in Hida families.
As recorded in [54, (3.1.1)], an exceptional prime has always weight 2.
As in the introduction, it is convenient to introduce the following notion.
Definition 3.6. The minimal admissible generic rank of f is
Equivalently, the minimal admissible generic rank of f is the smallest analytic rank of a generic specialization of f that is allowed by the functional equation:
3.2.
Greenberg's conjecture. The conjecture that we state below, which is concerned with the analytic rank of an even weight form in a Hida family f ∈ R[[q]] rather than merely with its root number, is essentially due to Greenberg ([20] ).
holds for all but finitely many arithmetic primes ℘ of R of even weight.
In other words, Conjecture 3.7 predicts that the analytic ranks of even weight modular forms in a Hida family f should be as small as allowed by the functional equation, with at most finitely many exceptions. Notice that, in light of Lemma 2.9, we can equivalently formulated Conjecture 3.7 in terms of f ♭ ℘ . Remark 3.8. Greenberg's conjectures on analytic ranks were proposed in [20] in a somewhat more general form, so Conjecture 3.7 should be viewed as a special case of them. The reader is referred to [20, p. 101, Conjecture] for the original conjecture for newforms of weight 2 and to the discussion following it for a conjecture for newforms of arbitrary weight. Remark 3.9. Conjecture 3.7 can be alternatively formulated in terms of p-adic L-functions of modular forms in the sense of Mazur-Tate-Teitelbaum (see, e.g., [54, p. 439] , but apply only to certain rather small subsets of newforms and deal mainly with weight 2 and almost exclusively with analytic rank 0. Directly germane to Conjecture 3.7 is more recent work by Howard ([30] ), who uses his theory of big Heegner points ([31]) to show a result of the following type: if in a Hida family there is a weight 2 form whose analytic rank is 1 then all but finitely many weight 2 forms in the family enjoy the same property (in fact, as a consequence of the existence of the Mazur-Kitagawa two-variable p-adic L-function, the same is true for analytic rank 0 as well). We also remark that analytic rank 0 results for infinitely many (or even all but finitely many) higher (even) weight forms in a Hida family are available (see, e.g., [2, Corollary 4] and [30, Theorem 7] ).
Remark 3.10. By exploiting the theory of quaternionic big Heegner points developed in [37] , some of the results by Howard are extended in [38] to more generale arithmetic contexts.
Under some technical assumptions (among which, the non-degeneracy of certain height pairingsà la Gillet-Soulé between Heegner cycles), in this paper we prove a result (Theorem B of the introduction) in the direction of Conjecture 3.7 when r min (f ) = 1 and the prime ℘ has weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) and trivial character.
Weight two newforms and Hida families
In this section, we consider a newform f of weight 2, square-free level N and trivial character such that r an (f ) = 1. We introduce a set Ξ f that consists of all but finitely many prime numbers that are ordinary for f , then for every p ∈ Ξ f we explain how to choose a prime ideal P ofZ above p such that f is P-ordinary. For every p ∈ Ξ f , let f (p) be the p-adic Hida family passing through f , as in §2. 5 . The families f (p) , where p varies in Ξ f (or, in the rank 0 case, in an analogously defined set Ω f ), are essentially those for which in later sections we shall prove our arithmetic results (Theorem A and Theorem B in the introduction). It is worth emphasizing that Ξ f is defined so that, for each p ∈ Ξ f , the P-adic representations (as well as their reductions) attached to suitable specializations of f (p) have non-solvable images. The fact that one can choose Ξ f in such a way that this property is satisfied rests upon results of Fischman on the image of Λ-adic Galois representations ( [11] ).
4.1.
Base change to quadratic fields. As in §3.1, write g ∈ S k (Γ 0 (M )) for a normalized newform with q-expansion g(q) = n≥1 a n (g)q n . Let K be a quadratic field (later on, we will again take K to be imaginary) and let χ K be the Dirichlet character associated with K. The L-function of g over K is defined to be the product
where L(g, s) is, as usual, the L-function of g and L(g, χ K , s) := n≥1 a n (g)χ K (n) n s .
Let D K be the discriminant of K and set Λ(g,
As is pointed out, e.g., in [6, p. 543] , if M and D K are coprime, i.e., if no prime factor of M ramifies in K, then Λ(g, χ K , s) satisfies the functional equation
where, as in (3.1), ε(g) is the root number of g. Define ε(g, χ K ) := ε(g)χ K (−M ). If every prime dividing M splits in K then χ K (M ) = 1, hence ε(g, χ K ) = ε(g)χ K (−1). It follows that
In the following definition, K is a quadratic field such that D K and M are coprime.
Definition 4.1. The analytic rank of g over K is r an (g/K) := ord k/2 L(g/K, s).
We immediately obtain Proof. Combine (4.1) and (4.2).
Remark 4.3. Proposition 4.2 is valid, more generally, for imaginary quadratic fields K such that (D K , M ) = 1 and the number of primes dividing M that are inert in K (counted with multiplicity) is even. This is the arithmetic setting that is considered, e.g., in [37] and [38] (on the proviso that if a prime ℓ is inert in K then ℓ 2 ∤ M ); it involves working with big Heegner points that are built out of Heegner points on Shimura curves attached to arbitrary (indefinite) quaternion algebras over Q. Since in the present article we will ultimately be interested in results over Q, there is no need for us to consider this more general situation here (notice, moreover, that the relevant specialization results are not available yet in the quaternionic case).
Remark 4.4. The choice that we made in (4.1) to take the product L(g, s)L(g, χ K , s) as the definition of L(g/K, s) is perfectly adequate for our goals. Actually, one could also adopt a broader representation-theoretic definition for L(g/K, s) as the L-function of the system of λ-adic Galois representations of G K attached to g, where λ varies over all the primes of Q g ; thanks to work of Deligne, Langlands and Carayol (see, e.g., [7] ), we know that this system is (strictly) compatible in the sense of Serre ([65, Chapter I, §2.3]). From this perspective, equality (4.1) is an instance of a formula for the L-function of g over a finite abelian extension of Q (see [5, Proposition 3 ] for a precise statement in the case of elliptic curves).
4.2.
The newform f of weight 2. Here we introduce the newform f that will be one of our basic data. Let f ∈ S 2 (Γ 0 (N )) be a normalized newform of weight 2 and level N with q-expansion f (q) = n≥1 a n (f )q n . Assume that • N is square-free. This condition guarantees (see, e.g., [57, p. 34] ) that f has no complex multiplication in the sense of [57, p. 34, Definition] . Equivalently, the abelian variety A f over Q attached to f has no complex multiplication. Now write H 2 (Γ 0 (N ), Z) red for the reduced Hecke algebra acting on S 2 (Γ 0 (N )). As in [11, §2.3] , let Σ f be the set of prime numbers ℓ satisfying the following conditions:
• ℓ is ordinary for f (i.e., ℓ ∤ a ℓ (f ));
• ℓ does not belong to the finite set that is excluded by [11, Theorem 2.1];
• ℓ does not divide the discriminant of H 2 (Γ 0 (N ), Z) red ;
• ℓ does not divide 210N . From now until Section 7, the following assumption will be in force. In particular, if ε(f ) denotes, as in (3.1), the root number of f then ε(f ) = −1.
4.3.
Heegner points and choice of p. Let f ∈ S 2 (Γ 0 (N )) be the newform that was chosen in §4.2. The abelian variety A f is a quotient of the Jacobian variety of the modular curve X 0 (N ) and the dimension of A f is equal to the degree of Q f . As remarked in §2.1, the ring of endomorphisms of A f , which are all defined over Q, is (isomorphic to) the ring of integers
Recall that, by Assumption 4.5, r an (f ) = 1, which implies that ε(f ) = −1. By a result of Waldspurger ([73] ), reproved by Bump-Friedberg-Hoffstein in a formulation that is more convenient for our purposes ([6, p. 543, Theorem, (ii)]), there exists an imaginary quadratic field K, whose associated Dirichlet character will be denoted (as in §4.1) by χ K , such that (a) all the primes dividing N split in K;
(b) L(f, χ K , 1) = 0. Fix once and for all such a field K. In particular, condition (a) tells us that K satisfies the Heegner hypothesis relative to N . The theory of complex multiplication allows one to define a systematic supply of Heegner points α c ∈ A f (K c ) indexed by integers c ≥ 1 coprime to N , where K c is the ring class field of K of conductor c (in particular, K 1 is the Hilbert class field of K). These points arise by modularity from Heegner points x c ∈ X 0 (N )(K c ), where X 0 (N ) is the (compact) modular curve of level Γ 0 (N ). It is well known that the points α c form an Euler system in the sense of Kolyvagin. For details, the reader is referred to [22] , [33] , [34] . Now let
be the K-rational Heegner point on A f that is considered in [34, §2.3] . In light of formula (4.1), Assumption 4.5 and condition (b) above imply that r an (f /K) = 1: by the Gross-Zagier formula ([24, Theorem 6.3]), this is tantamount to α K being non-torsion. Before proceeding further, we need two auxiliary results. All endomorphisms of A f are defined over K (in fact, over Q), so the Mordell-Weil group
, contradicting the fact that α K is non-torsion over Z. Now we can prove The set Ξ f has density 1; in particular, Ξ f is infinite.
Proof. By a result of Serre, the set of prime numbers that are ordinary for f has density 1 (see, e.g., [11, Proposition 2.2] ), therefore Σ f has density 1. Since Σ f Ξ f is finite, Ξ f has density 1 as well.
Remark 4.10. By definition, the set Ξ f consists of all but finitely many prime numbers that are ordinary for f (cf. §4.2).
Pick p ∈ Ξ f . By [11, Lemma 2.3] , the prime p is unramified in Q f , hence there is a prime p of Q f above p, which we fix once and for all, such that f is p-ordinary in the sense that
were divisible by all the primes of Q f above p then a p (f ) would be divisible by p, contradicting the fact that p is an ordinary prime for f ). 
where δ i : G Qp → O × f,p for i = 1, 2 are characters with δ 2 unramified and ν : G Qp → O f,p is a continuous map. More explicitly, δ 1 = ξ · ε cyc where ξ is unramified and ε cyc is, as in §2.2, the p-adic cyclotomic character (see, e.g., [15, §2.1] ). If, as usual, we denote reduction modulo p with a bar then (4.4) implies thatρ f,p is of the form
. Now let I p ⊂ G Qp be the inertia subgroup. On the one hand,δ 2 | Ip is trivial, as δ 2 is unramified. On the other hand, ξ is unramified, henceδ 1 | Ip =ε cyc | Ip , which is non-trivial becauseε cyc is ramified. It follows thatδ 1 =δ 2 , soρ f,p is p-distinguished. 
in Galois cohomology (see, e.g., [23, Appendix A.1]). In turn, the second map gives an injection
Thanks to our choice of p, the imageᾱ
From now on let us choose asQ p a fixed algebraic closureQ f,p of Q f,p and denote byQ the algebraic closure of Q insideQ p . Notation being as in §1.1, the map ι p is nothing but the tautological inclusion ofQ intoQ p , which gives a prime ideal P ofZ such that P ∩ O f = p; the ideal P should be viewed as a distinguished incarnation of the prime ideal of residue characteristic p from §1. 
Finally, as a convenient shorthand, in the following we denote
4.4. Critical twist and residual representations. As in §2.5, let T be the big Galois representation associated with the Hida family f (p) introduced at the end of §4.3. Rather than in T itself, we will be interested in a suitable twist T † of T called the critical twist, whose definition can be found, e.g., in [31, Definition 2.1.3]. With notation and terminology as in [31] , in our case one has k = 2 and j = 0, hence only the "wild" part of the critical character plays a role. Recall from §2.5 that if ℘ is an arithmetic prime of R then the field F ℘ = R ℘ /℘R ℘ = frac(R/℘) is a finite extension of Q p that we embedded intoQ p . Moreover, the integral domain R/℘ is the valuation ring of F ℘ . The twist T † has the property that for every arithmetic prime ℘ of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character the 
which in turn induce specialization maps in cohomology. Notice that, in particular, T † ≃ T as R-modules. Summing up, T and T † enjoy the following interpolation properties, up to a finite base change:
• the specialization of T at an arithmetic prime ℘ is equivalent to V * f℘ ; • if k ℘ ≡ 2 (mod 2(p − 1)) then the specialization of T † at ℘ is equivalent to V † f℘ . Denote by m R the maximal ideal of R and let F R := R/m R be the residue field of R. Definē
which is a two-dimensional representation of G Q over F R . As above, let ℘ be an arithmetic prime of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character; recall from §2.2 the reduced representationsρ
and their semi-simplifications
It turns out that if ℘ and ℘ ′ are two arithmetic primes then . Now recall thatρ ss f℘ is p-distinguished if the semisimplification of its restriction to G Qp := Gal(Q p /Q p ) can be put in the shape ρ f℘ | G Qp ss = ε 1 0 0 ε 2 for characters ε 1 = ε 2 (see, e.g., [14, §2] ). Ifρ f℘ (equivalently,ρ ss f℘ ) is irreducible and p-distinguished for one (hence for every) arithmetic prime ℘ then
• T is free of rank 2 over R ([46, Théorème 7]); •T ≃ρ f℘ after a finite base change for all such ℘ (see, e.g., [37, Proposition 5.4] ).
Remark 4.12. The condition thatρ f℘ be p-distinguished is apparently not imposed in [46] , but it turns out to be necessary for the two results above to hold (cf. [13, p. 379] ).
Notice that, in light of (2.5), property (4.10) no longer holds unconditionally onceρ ss f℘ is replaced byρ †,ss f℘ . However, by Remark 2.6, if ℘ and ℘ ′ are two arithmetic primes such that k ℘ ≡ k ℘ ′ ≡ 2 (mod 2(p − 1)) thenρ †,ss f℘ ≃ρ †,ss f ℘ ′ after a finite base change.
Finally, setT † := T † /m R T † . An easy computation shows that the critical character in [31, Definition 2.1.3] is trivial modulo m R , hence there is a canonical identification (4.11)T =T † of representations of G Q over F R . We write π R : T † ։T for the surjection determined by (4.11) and (4.12) π R,L :
for the map in cohomology induced functorially by π R , were L is a given number field.
4.5.
On the image of Λ-adic Galois representations. Let f , p and f (p) be as in §4.2 and §4.3. Our aim is to show that (the self-dual twists of) the P-adic representations attached to suitable specializations of f (p) have non-solvable images, and that the same is true of their reductions. As will be apparent, a crucial role in our arguments is played by results of Fischman on the image of Λ-adic Galois representations ( [11] Proof. We freely use notation from [11] , bearing in mind that the counterpart of R is denoted by I in [11] . Since, by assumption, N is square-free, the form f has no inner twists (see, e.g., [58, (3.9)]), that is, Γ f is trivial. By [11, Proposition 3.12], Γ F is also trivial, which implies that
The theorem follows immediately from [11, Theorem 4.8] .
Let ℘ be an arithmetic prime of R of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character. Let ℘ 2 be as at the end of §4.3, so f ℘ 2 = f ♯ . By our choice of f if k ℘ = 2 and by Remark 2.12 if k ℘ > 2, there is a newform f ♭ ℘ of level N , weight k ℘ and trivial character such that
Suppose that k ℘ > 2 and, to lighten our notation, in this subsection set g : We need two more elementary lemmas in representation theory. In the following statement, by "ring" we mean "commutative ring with unity". Proof. If ι S : GL(V ) ֒→ GL(V ⊗ R S) is the canonical injection then σ S = ι S • σ, and the lemma follows.
We immediately obtain Proof. Let x ∈ GL(V ) and y ∈ GL(W ); the map
is F -bilinear, hence it induces an F -linear map
It is immediate to check that the resulting map
is a group homomorphism. Since the representations σ and τ are of solvable type and the direct product of two solvable groups is solvable, the image of the group homomorphism
is (isomorphic to) a quotient of a solvable group, hence it is solvable. Let ι G : G → G × G be the diagonal embedding sending g to (g, g). On the one hand, the image of the group
On the other hand, the image of Φ • (σ, τ ) • ι G is equal, by construction, to the image of σ ⊗ τ , and the lemma is proved.
Let π g be a uniformizer for O g,P and let F g := O g,P π g O g,P be the residue field of Q g,P . We can finally prove Proof. Arguing by contradiction, suppose that V † g = V g ⊗ Q g,P Q g,P (k/2) is of solvable type. The representation Q g,P (−k/2) of G Q is one-dimensional, hence of solvable type, therefore Lemma 4.20 ensures that V g = V † g ⊗ Q g,P Q g,P (−k/2) is a representation of solvable type. This contradicts Proposition 4.19 and shows that ρ † g is of non-solvable type. Using the reduction of O(−k/2), which is one-dimensional, one can prove the claim forρ † g in a completely analogous way.
In the following, let L be a number field. Let us define W † g := V † g T † g .
Proof. Proof. Set T := T † g andT :=T † g . Clearly, it suffices to check that the π g -torsion of H 1 (L, T ) is trivial. Since T is free (hence torsion-free) over O g,P , there is a short exact sequence of Galois modules
where the first non-trivial arrow is multiplication by π g . Passing to cohomology, we see that the π g -torsion submodule of H 1 (L, T ) is a quotient of H 0 (L,T ), which is trivial thanks to Corollary 4.22.
Shafarevich-Tate groups in Hida families: the rank one case
In this section, we prove our results (Theorem 5.27) on Shafarevich-Tate groups and on images of p-adicétale Abel-Jacobi maps attached to a large class of higher (even) weight modular forms in the Hida family f (p) introduced at the end of §4.3, and so in a rank 1 setting. Along the way, we prove a non-torsionness result (Proposition 5.17) for certain Krational Heegner cycles y ℘,K where ℘ is any arithmetic prime of weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) and trivial character. This result, which builds on work of Castella and of Ota on the specializations of Howard's big Heegner points, will be crucial also in the proof of our theorems on Greenberg's conjecture when r min (f (p) ) = 1 (Section 6) and on Shafarevich-Tate groups and p-adic Abel-Jacobi images in rank 0 (Section 7).
5.1.
Distinguished specialization maps. Let ℘ be an arithmetic prime of R of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character. Let us keep the notation of §4.5 in force; in particular, f ♭ ℘ is a newform of level N , weight k ℘ and trivial character such that (f ♭ ℘ ) ♯ = f ℘ (and f ♭ ℘ 2 = f ). Recall that, by Remark 2.10, the representations V f℘ and V f ♭ ℘ are equivalent (possibly after a finite base change). It follows that the isomorphism in (4.9) induces a (non-
Following Ota, we fix once and for all the distinguished G Q -equivariant specialization map
As in (4.9), the map in (5.1) factors through the quotient projection T † ։ T † /℘T † and induces an isomorphism
of representations of G Q after a finite base change. There is a canonical identification
which shows that T † /℘T † sits as an R/℘-lattice inside T † ℘ ℘T † ℘ . By Lemma 4.11,ρ f,p is (absolutely) irreducible and p-distinguished. As a consequence of Remark 2.10 and §4.4, these two properties are then enjoyed byρ f ♭ ℘ for every arithmetic prime ℘. Furthermore, all ρ † f ♭ ℘ are (absolutely) irreducible as well. It follows (see §4.4) that T is free of rank 2 over R andT is equivalent (up to a finite base change) toρ f℘ for all ℘.
Choose a finite extension L/Q p insideQ p such that F ℘ ∪ Q f℘,P ⊂ L and write O L for the valuation ring of L. It is essentially a consequence of Nakayama's lemma that, under the (absolute) irreducibility condition above, all
are homothetic (see, e.g., [71, Lemma 2.1]). It follows that, up to rescaling by an element of L × , we can assume that isomorphism (5.2) induces an isomorphism
Notation being as in §4.4 and using 
here π R is, as at the end of §2.5, given by reduction modulo m R and the vertical arrow on the right is the canonical projection. By functoriality, the maps in (5.1) and (5.4) determine maps
for any number field L, and then (5.5) gives a commutative square
5.2.Étale
Abel-Jacobi maps and Heegner cycles. We briefly review basic properties of Heegner cycles attached to higher (even) weight modular forms. These cycles were originally introduced by Nekovář in [50] in order to generalize Kolyvagin's theory of Euler systems of Heegner points on modular abelian varieties to Chow groups of Kuga-Sato varieties. We will not work in maximal generality here, but rather consider only Heegner cycles for modular forms in the Hida family f (p) that was fixed in §4.3. Let ℘ be an arithmetic prime of R of even weight k ℘ > 2 and trivial character. Set g := f ♭ ℘ and k := k ℘ . With notation as in [39], letẼ k−2 N be the Kuga-Sato variety of level N and weight k (see, e.g., [39, §2.2]) and for any number field L let CH k/2 Ẽ k−2 N /L 0 be the Chow group of rational equivalence classes of codimension k/2 cycles onẼ k−2 N defined over L that are homologically trivial, i.e., belong to the kernel of the cycle class map in ℓ-adić etale cohomology (see, e.g., [1, §3.3] or [47, Chapter VI, §9]; see also [52, §1.4] for details on the independence of the above-mentioned kernel of the prime number ℓ). Recall that, as a shorthand, O g,P stands for O g,Pg . As explained, e.g., in [39, §2.3], there is an O g,P -lineaŕ etale Abel-Jacobi map (denoted by AJ g,P,L in [39])
We set Λ g,P (L) := im(Φ g,P,L ). Now let H 1 f L, T † g be the Selmer group of T † g over L in the sense of Bloch-Kato (see, e.g., [39, §2.4]). By definition, H 1 f L, T † g is an O g,P -submodule of H 1 L, T † g ; furthermore, it is well known that H 1 f L, T † g is finitely generated over O g,P . By [39, Corollary 2.7, (2)], there is an inclusion of O g,P -modules Λ g,P (L) ⊂ H 1 f L, T † g , hence Λ g,P (L) is finitely generated over O g,P as well.
Definition 5.1. Let L be a number field. The algebraic p-rank of g over L is r alg,p (g/L) := rank O g,P Λ g,P (L).
Remark 5.2. The integer r alg,p (g/L) depends on the prime P | p and not just on p; however, since P is to be regarded as fixed, we emphasize dependence on p only. Later we shall prove results (Corollaries 5.30 and 7.5) in the direction of this conjecture, which can be formulated for all Hida families, not only those of square-free tame level. Now resume the notation g = f ♭ ℘ . Let D K be the discriminant of K. Using the Heegner points x c ∈ X 0 (N )(K c ) from §4.3, Nekovář defined in [50] a collection of Heegner cycles
indexed on the integers c ≥ 1 such that (c, N D K p) = 1 (see [39, §3.1] and [50, §5] for details). Define the K-rational Heegner cycle (5.9) y ℘,K := cores K 1 /K (y ℘,1 ) ∈ Λ g,P (K) ⊂ H 1 K, T † g , which is a higher weight counterpart of the point α K in (4.3) .
In the next theorem, X P (g/K) is the P g -primary Shafarevich-Tate group of g over K, whose definition will be recalled in (5.18) below.
Theorem 5.4 (Nekovář) . If y ℘,K is non-torsion then (1) Λ g,P (K) ⊗ Z Q = Q g,P · y ℘,K ;
(2) X P (g/K) is finite.
Proof. This is [50, Theorem 13.1].
Of course, part (1) implies that r alg,p (g/K) = 1.
Remark 5.5. To be precise, Nekovář proved Theorem 5.4 in [50] under the assumption that p ∤ 2N (k − 2)!ϕ(N ), which is clearly unsuitable for applications to p-adic analytic families of modular forms of varying weight. However, as pointed out in [51, §6.5], the assumption on p can be relaxed by simply requiring that p ∤ 2N .
Remark 5.6. If y ℘,K is non-torsion then one can describe the structure of the finite O g,Pmodule X g,P (g/K) in terms of the collection {y ℘,c } c≥1 of Heegner cycles ([42, Theorem 7.3]).
For completeness, we give the counterpart of Definition 5.1 in weight 2.
Definition 5.7. Let L be a number field. The algebraic p-rank of f over L is
In particular, if A f is an elliptic curve (i.e., a n (f ) ∈ Q for all n ≥ 1) then r alg,p (f /L) = rank Zp A f (L) ⊗ Z Z p = rank Z A f (L).
5.3.
Comparison of Abel-Jacobi images over Q and over K. Let us keep the notation of §5.2. We want to show that • Λ g,P (Q) ֒→ Λ g,P (K) Gal(K/Q) ;
These two maps are canonically induced by restriction; later on, they will be regarded as an inclusion and as an equality, respectively. Proof. Set G := Gal(K/Q). As explained, e.g., in [4, §A.9.17], there is a natural O g,P -linear base change morphism
By composing (5.10) with (the restriction of) the Abel-Jacobi map Φ g,P,K in (5.8), we get a map ψ Q,K :
On the other hand, since K/Q is solvable, Corollary 4.22 implies that H 0 K, T † g = 0. It follows that restriction induces an isomorphism
Now it turns out (see, e.g., the proof of [9, Proposition 6]) that the composition
coincides with the Abel-Jacobi map Φ g,P,Q . Since, by definition, Λ g,P (Q) = im(Φ g,P,Q ) and Λ g,P (K) = im(Φ g,P,K ), we obtain a natural injection of O g,P -modules
as desired.
Lemma 5.9. The restriction
of the Abel-Jacobi map Φ g,P,K is surjective.
Proof. For short, set G := Gal(K/Q), CH K := CH k/2 Ẽ k−2 N /K 0 ⊗ Z O g,P , Λ K := Λ g,P (K) and Φ K := Φ g,P,K . The tautological short exact sequence of O g,P [G]-modules
yields a long exact sequence
in Galois cohomology. Since #G K = 2, the O g,P -module H 1 G, ker(Φ K ) is 2-torsion, hence H 1 G, ker(Φ K ) = 0 because p is odd. It follows from (5.11) that the restriction of Φ K to CH G K surjects onto Λ G K , as was to be shown. We are in a position to prove Proposition 5.10. Restriction induces an isomorphism of Q g,P -vector spaces
Proof. Retain the notation introduced above; set also CH Q := CH k/2 Ẽ k−2 N /Q 0 ⊗ Z O g,P , Λ Q := Λ g,P (Q) and Φ Q := Φ g,P,Q . As a consequence of a result of Bloch (see, e.g., [56, p. 238]), the base change morphism (5.10) induces an isomorphism of Q g,P -vector spaces
On the other hand, by Lemma 5.9 there is a Q g,P -linear surjection
be the Q g,P -linear injection that comes from Proposition 5.8. Summing up, the square
It follows that the right vertical map in (5.12) is necessarily surjective, and hence an isomorphism.
Remark 5.11. By Corollary 4.23, Λ g,P (Q) and Λ g,P (K) are torsion-free, therefore there are canonical O g,P -linear injections Λ g,P (Q) ֒→ Λ g,P (Q) ⊗ Z Q and Λ g,P (K) ֒→ Λ g,P (K) ⊗ Z Q.
5.4.
Big Heegner points and their specializations. As before, let f (p) ∈ R[[q]] be the p-adic Hida family through f and let K be the imaginary quadratic field that was chosen in §4.3. In his article [31] on the variation of Heegner points, Howard introduced certain Galois cohomology classes P c ∈ H 1 (K c , T † ) called big Heegner points. Here c ≥ 1 can be any positive integer coprime to N and, as in §5.2, K c is the ring class field of K of conductor c. The construction of the classes P c , which interpolate Kummer images of Heegner points on abelian varieties of GL 2 type attached to weight 2 cusp forms, is quite intricate and, in fact, immaterial for our goals; the reader is referred to [31, §2.2], [8, §4.2] and [55, Section 3] for details.
Let ℘ be an arithmetic prime of R of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character; fix an integer c ≥ 1 coprime to N D K p. It is natural to consider sp ℘ 0,Kc (P c ) ∈ H 1 K c , T † f℘ , where the specialization map sp ℘ 0,Kc is as in (5.6) , and compare it to (the Kummer image of) the point α c of §4.3 (respectively, the cycle y ℘,c of §5.2) if k ℘ = 2 (respectively, k ℘ > 2). The specialization results that we are interested in have been obtained by Castella ([8] ) and by Ota ([55] ).
Remark 5.12. We identify (big) Heegner points and Heegner cycles with their images via the natural group homomorphisms
and L is either K or a ring class field of K.
For any number field L, let (2) is [8, Theorem 6.5] , and part (1) follows by the same arguments (see [8, Remark 6.6] ). Observe that, in our setting, the constant appearing in [8, Theorem 6.5 ] is a p-adic unit. See also [55, Theorem 1.2] for a refinement of the main result of [8] that works under our assumptions, which are slightly weaker than those in [8] .
in which ξ f,L is as in (5.13) , while the central and right horizontal maps are those appearing in (5.6) and the vertical ones are as in (4.5), (4.12) and §5.1. We remark that, although our notation does not reflect this, all characteristic 0 (respectively, residual) representations in (5.15 ) are base changed toZ p (respectively, toF p ). Now recall the big Heegner point P 1 ∈ H 1 (K 1 , T † ) from §5.4 and define P K := cores K 1 /K (P 1 ) ∈ H 1 (K, T † ).
By part (2) of Theorem 5.13, sp ℘ 0,K 1 (P 1 ) = e · y ℘,1 for some e ∈Z × p . Since specialization commutes (in the obvious sense) with corestriction, it follows that sp ℘ 0,K (P K ) = cores K 1 /K sp ℘ 0,K 1 (P 1 ) = e · cores K 1 /K (y ℘,1 ) = e · y ℘,K , whence
On the other hand, by part (1) of Theorem 5.13, ξ f,K 1 sp ℘ 2 0,K 1 (P 1 ) = d·δ f,K 1 (α 1 ) for some d ∈Z × p , hence (5.14) gives
In light of (5.16) and (5.17) , the commutativity of (5.15) with L = K ensures that is torsion-free, hence y ℘,K is non-torsion.
5.5.
Results on Shafarevich-Tate groups. Suppose that the abelian variety A f is an elliptic curve; this is equivalent to requiring that a n (f ) ∈ Q for all n ≥ 1. In this case, we write E f in place of A f . By a result of Carayol ([7, §0.8, Corollaire] ), E f has conductor N ; since N is square-free, E f is semistable.
Recall the set Ξ f of good ordinary primes for f introduced in §4. 3 and define
Theorem 5.18 (W. Zhang). The following properties are equivalent:
Proof. The implication (2) ⇒ (1) is the Gross-Zagier-Kolyvagin theorem. Let us assume (1) , which ensures that corank Zp Sel p ∞ (E/Q) = 1. Since E f is semistable and p ≥ 11, the representationρ f,p is surjective by [44, Theorem 4] . Furthermore, since p ∤ (q 2 − 1) for any prime number q | N , hypothesis (2) We make a few remarks about Theorem 5.18.
Remark 5.19. The assumption that p ∤ (q 2 − 1) for any prime q | N can be replaced with the weaker (but somewhat less natural) condition that if q | N is a prime such that q ≡ ±1 (mod p) thenρ f,p is ramified at q (see hypothesis (2) Since L(E f , s) = L(f, s), by Theorem 5.18 we can reformulate Assumption 4.5, which has been in force from §4.2, as
Let ℘ be an arithmetic prime of R of weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) and trivial character. As before, set g := f ♭ ℘ ∈ S new k℘ (Γ 0 (N )). Recall that, in this context, P is used as a shorthand for P g = P ∩ O g . As in (3.1), write ε(⋆) for the root number of ⋆.
As in §4.5, let us consider the quotient W † g = V † g T † g . For any number field L, let us write Sel P (g/L) for the P g -primary Selmer group of g over L as defined, in terms of W † g , in [39, Definition 2.6] (notice that Sel P (g/L) is denoted by
, where W p stands for W † g ). As in [12] , the P g -primary Shafarevich-Tate group of g over L is the quotient (5.18)
where Sel P (g/L) div is the maximal divisible O g,P -submodule of Sel P (g/L).
Remark 5.23. As in §4.5, let π g be a uniformizer for O g,P . Since pO g,P = π e g O g,P for some integer e ≥ 1, the O g,P -submodule Sel P (g/L) div coincides with the maximal p ∞ -divisible O g,P -submodule of Sel P (g/L).
Remark 5.24. Let K be the imaginary quadratic field that was fixed in §4.3. If y ℘,K is non-torsion then there is a short exact sequence
In fact, by the results in [50] , if y ℘,K is non-torsion then both Λ g,P (K) ⊗ Zp Q p /Z p and Sel P (g/K) have O g,P -corank 1, therefore Λ g,P (K) ⊗ Zp Q p /Z p = Sel P (g/K) div .
Let the imaginary quadratic field K be as in §4.3 and denote by Sel P (g/K) ± the ±1eigenspaces of complex conjugation τ ∈ Gal(K/Q) acting on Sel P (g/K), so that there is a splitting (5.19) Sel P (g/K) = Sel P (g/K) + ⊕ Sel P (g/K) − of O g,P -modules. Proof. Set W † g (K) := H 0 K, W † g . Combining the inflation-restriction exact sequence
. with the triviality of W † g (K) that is guaranteed by Corollary 4.22, one gets an isomorphism
Gal(K/Q) . By keeping track of local conditions, it can be checked that this isomorphism restricts to the desired isomorphism Sel P (g/Q) ≃ Sel P (g/K) + .
Lemma 5.26. If X P (g/K) is finite then X P (g/Q) is finite.
Proof. Set S := Sel P (g/K). By Lemma 5.25, X P (g/Q) is isomorphic to S + /S + div . The splitting (5.19 ) induces a splitting S div = S + div ⊕ S − div . Taking quotients, we deduce that X P (g/K) = S + /S + div ⊕ S − /S − div ≃ X P (g/Q) ⊕ S − /S − div , and the lemma follows.
The next result says that the finiteness of the p-primary Shafarevich-Tate group of f (Assumption 5.22) propagates, together with the algebraic rank 1 property, to certain higher (even) weight forms in our Hida family f (p) .
Theorem 5.27. r alg,p (g/Q) = 1 and #X P (g/Q) < ∞.
Proof. Let us first prove the rank part. Let K be the imaginary quadratic field that was chosen in §4.3. Letτ ∈ Gal(K 1 /Q) be the restriction to K 1 of complex conjugation in G Q , so thatτ is a lift of τ . By [50, Proposition 6.2], there is an equality
for a suitable σ ∈ Gal(K 1 /K). The arithmetic prime ℘ 2 of R corresponding to f is generic (see, e.g., [54, (3.1.1)]), hence ε(f (p) ) = ε(f ) = −1. Lemmas 2.9 and 3.5 imply that ε(g) = ε(f (p) ) = −1, therefore (5.20) givesτ (y ℘,1 ) = σ(y ℘,1 ) for some σ ∈ Gal(K 1 /K). By taking corestrictions and using the fact thatτ δ = δτ for all δ ∈ Gal(K 1 /K), we get τ cores K 1 /K (y ℘,1 ) = cores K 1 /K τ (y ℘,1 ) = cores K 1 /K τ (y ℘,1 ) = cores K 1 /K σ(y ℘,1 ) = cores K 1 /K (y ℘,1 ). (5.21)
Since cores K 1 /K (y ℘,1 ) = y ℘,K , we deduce that τ (y ℘,K ) = y ℘,K , i.e., y ℘,K ∈ Λ g,P (Q) ⊗ Z Q by Proposition 5.10 (see also Remark 5.11) . But Proposition 5.17 ensures that y ℘,K = 0, hence r alg,p (g/Q) = dim Q g,P Λ g,P (Q) ⊗ Z Q ≥ 1. On the other hand, since y ℘,K is non-torsion, r alg,p (g/K) = 1 by part (1) of Theorem 5.4, whence r alg,p (g/Q) ≤ 1 by Proposition 5.8.
Finally, X P (g/K) is finite by part (2) of Theorem 5.4 and Remark 5.24, and then the finiteness of X P (g/Q) follows from Lemma 5.26.
The only condition that we imposed on p is that it belong to Θ f , whose complement in the set of prime numbers that are ordinary for f is finite (cf. Remark 4.10), so Theorem 5.27 implies the rank 1 part of Theorem A. Remark 5.29. It might be tempting to relax Assumption 5.22 by only requiring X p ∞ (E f /Q) to be finite and then hopefully deduce the finiteness of X P (g/Q). Unfortunately, such a stronger result appears to lie well beyond the scope of current techniques. Proof. Since ε(f (p) ) = −1, we have r min (f (p) ) = 1, and the corollary follows immediately from Theorem 5.27.
As was remarked in the introduction, this result is consistent with (and provides some evidence for) Conjecture 5.3.
Analytic rank one in Hida families
As in Section 5, choose any p ∈ Ξ f and consider the Hida family f (p) ∈ R [[q] ]. Recall that ε(f (p) ) = ε(f ) = −1, hence (6.1) r min f (p) = 1.
In this section, we prove our result (Theorem 6.5) in the direction of Greenberg's conjecture on analytic ranks in Hida families (Conjecture 3.7). Contrary to what was done in §5.5, we do not assume that the Fourier coefficients of f are rational.
6.1. Zhang's formula for derivatives of L-functions. Let g ∈ S k (Γ 0 (N )) be a newform of weight k ≥ 4 and level N . Here N is the level of our weight 2 form f that was introduced in §4.2, so that everything we will say below applies, in particular, to the newforms f ♭ ℘ in our p-adic Hida family f (p) .
Using arithmetic intersection theoryà la Gillet-Soulé ( [16] ), S.-W. Zhang defined in [75] a pairing, which we denote by ·, · g,GS , between certain CM cycles on Kuga-Sato varieties. Using this pairing, he proved a higher weight counterpart of the Gross-Zagier formula for the L-function of a weight 2 newform. More precisely, let K be the imaginary quadratic field from §4.3 and write h K for its class number. Furthermore, denote by (g, g) the Petersson inner product of g with itself and set u K := #O × K /2. Zhang's formula expresses the critical value of the derivative of L(g/K, s) in terms of a suitable combination s ′ g of Heegner cycles in R-linear Chow groups of Kuga-Sato varieties fibered over (classical) modular curves.
Proof. With notation as in [75] , this follows from [75, Corollary 0.3.2] upon taking χ to be the trivial character.
Remark 6.2. Theorem 6.1 is valid, more generally, for newforms of any level M and for any imaginary quadratic field satisfying the Heegner hypothesis relative to M .
Some words of caution are in order here. Unlike what happens with the Néron-Tate height pairing on abelian varieties that appears in the Gross-Zagier formula, the non-degeneracy of the Gillet-Soulé pairing is only conjectural. In fact, the non-degeneracy of ·, · GS is (a consequence of) one of the arithmetic analogues of the standard conjectures proposed by Gillet and Soulé ([17, Conjecture 2] ). It is also conjectured that this pairing is positive definite.
6.2. Results over K. We are interested in the analytic rank of forms in our Hida family f (p) after base change to the imaginary quadratic field K that was fixed in §4.3. As before, the Dirichlet character associated with K will be denoted by χ K .
For any arithmetic prime ℘ of R with trivial character, set s ′ ℘ := s ′ f ♭ ℘ and ·, · ℘,GS := ·, · f ♭ ℘ ,GS . From now until the end of §6.3 we require the following non-degeneracy condition to hold. Assumption 6.3. The pairing ·, · ℘,GS is non-degenerate for all arithmetic primes ℘ of weight k ℘ ≡ 2 (mod 2(p − 1)) and trivial character.
Of course, the validity of Assumption 6.3 would be guaranteed by the non-degeneracy of ·, · g,GS for all g that is predicted in [17]. Theorem 6.4. If ℘ is an arithmetic prime of R with trivial character and weight k ℘ > 2 such that k ℘ ≡ 2 (mod p − 1) then r an f ♭ ℘ /K = 1.
Proof. Let ℘ be an arithmetic prime of R as in the statement of the theorem. Lemma 3.5 ensures that ε(f ℘ ) = ε(f (p) ) = −1, hence L(f ℘ , k ℘ /2) = 0. By Lemma 2.9, it follows that L(f ♭ ℘ , k ℘ /2) = 0 as well. On the other hand, Proposition 4.2 with g = f ♭ ℘ gives (6.2) r an f ♭ ℘ /K ≥ 1. If L ′ (f ♭ ℘ /K, k ℘ /2) = 0 then Theorem 6.1 and Assumption 6.3 give s ′ ℘ = 0. By unfolding the definition of s ′ ℘ , it can be shown that the vanishing of s ′ ℘ forces y ℘,K to be torsion ([41, Corollary 8.7, (2)]), which contradicts Proposition 5.17. Therefore L ′ (f ♭ ℘ /K, k ℘ /2) = 0, and then (6.2) yields r an f ♭ ℘ /K = 1.
6.3. Results over Q. The following theorem, which is proved under Assumption 6.3, is our main result towards Conjecture 3.7.
Theorem 6.5. If ℘ is an arithmetic prime of R with trivial character and weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) then r an (f ♭ ℘ ) = 1 = r min (f (p) ).
Proof. We noticed in (6.1) that r min (f (p) ) = 1. Let ℘ be an arithmetic prime of R as in the statement of the theorem. As was shown in the proof of Theorem 6.4, there is an inequality (6.3) r an (f ♭ ℘ ) ≥ 1. Let K be the imaginary quadratic field, with associated Dirichlet character χ K , from §4.3; Theorem 6.4 says that (6.4) r an f ♭ ℘ /K = 1. On the other hand, from (4.1) with g = f ♭ ℘ we obtain L ′ (f ♭ ℘ /K, k ℘ /2) = L ′ (f ♭ ℘ , k ℘ /2)L(f ♭ ℘ , χ K , k ℘ /2) + L(f ♭ ℘ , k ℘ /2)L ′ (f ♭ ℘ , χ K , k ℘ /2) = L ′ (f ♭ ℘ , k ℘ /2)L(f ♭ ℘ , χ K , k ℘ /2), (6.5)
as L(f ♭ ℘ , k ℘ /2) = 0. Combining (6.4) and (6.5), we conclude that L ′ (f ♭ ℘ , k ℘ /2) = 0, and the theorem follows from (6.3). Corollary 6.6. If ℘ is an arithmetic prime of R with trivial character and weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) then r an (f ℘ ) = 1 = r min (f (p) ).
Proof. Immediate from Lemma 2.9 and Theorem 6.5.
Since p can be any element of Ξ f , which excludes only finitely many prime numbers that are ordinary for f , Theorem 6.5 implies Theorem B. As remarked in the introduction, Theorem B offers, to the best of our knowledge, the first evidence in higher (even) weight for Conjecture 3.7 when the minimal admissible generic rank of the Hida family is 1 (or, equivalently, the root number of the Hida family is −1). Remark 6.7. By [30, Theorem 8] , a result analogous to Theorem 6.5 holds also for all but finitely many arithmetic primes of weight 2.
Shafarevich-Tate groups in Hida families: the rank zero case
The aim of this section is to prove our results (Theorem 7.4) on Shafarevich-Tate groups and on algebraic p-ranks for a large class of higher (even) weight modular forms in a Hida family f (p) in a rank 0 setting. 7.1. The newform f of weight 2 and choice of p. As before, let f ∈ S 2 (Γ 0 (N )) be a normalized newform of weight 2 and square-free level N . In this last section, unlike what was done in §4.2, we make the following Assumption 7.1. r an (f ) = 0.
As a consequence, ε(f ) = 1. By [6, p. 543, Theorem, (i)] (see also [49] ), there is an imaginary quadratic field K ′ , with associated Dirichlet character χ K ′ , such that (a) all the primes dividing N split in K ′ ; (b) ord s=1 L(f, χ K ′ , s) = 1. Fix such a field K ′ . As in §4.3, the theory of complex multiplication allows one to introduce a Heegner point α K ′ ∈ A f (K ′ ). We deduce from (4.1) and condition (b) that r an (f /K ′ ) = 1, which, by the Gross-Zagier formula, is equivalent to α K ′ being non-torsion. Using K ′ in place of K, we define a set Ω f of prime numbers exactly as the set Ξ f from §4.3. In particular, Ω f has density 1 (cf. Proposition 4.9) and consists of all but finitely many primes that are ordinary for f in the sense of §4.2 (cf. Remark 4.10).
Pick As in §5.5, suppose that A f is an elliptic curve and denote it by E f . In particular, since N is square-free, E f is semistable.
As a consequence of results of Gross-Zagier and Kolyvagin, Assumption 7.1 implies that rank Z E f (Q) = 0 (i.e., E f (Q) is finite) and X p ∞ (E f /Q) is finite (the semistability of E f plays no role here). In fact, the converse is also true: by results of Skinner and Urban on the Iwasawa Main Conjecture ([68, Theorem 2, (b)]), the semistability of E f and the fact that p ≥ 11 ensure that Assumption 7.1 is equivalent to Assumption 7.3. rank Z E f (Q) = 0 and #X p ∞ (E f /Q) < ∞.
Let ℘ be an arithmetic prime of R ′ of weight k ℘ > 2 such that k ℘ ≡ 2 (mod 2(p − 1)) and trivial character. Set g := f ♭ ℘ . The next result is the rank 0 counterpart of Theorem 5.27. Theorem 7.4. r alg,p (g/Q) = 0 and #X P (g/Q) < ∞.
Proof. Let us prove the rank part first. Denote byτ ∈ Gal(K ′ 1 /Q) the restriction to K ′ 1 of complex conjugation in G Q , so thatτ is a lift of a generator τ of Gal(K ′ /Q). By [50, Proposition 6.2], there is an equality (7.1)τ (y ℘,1 ) = −ε(g) · σ(y ℘,1 )
for a suitable σ ∈ Gal(K ′ 1 /K ′ ). On the other hand, ε(g) = ε(f (p) ) = ε(f ) = 1, hence (7.1) gives (7.2)τ (y ℘,1 ) = −σ(y ℘,1 ) for some σ ∈ Gal(K ′ 1 /K ′ ). Using (7.2) and proceeding as in (5.21) , we see that (7.3) τ (y ℘,K ′ ) = −y ℘,K ′ .
Arguing by contradiction, now suppose that there exists y ℘ ∈ Λ g,P (Q) that is non-torsion over O g,P : we show that y ℘ and y ℘,K ′ are linearly independent over O g,P (here recall that Λ g,P (Q) ⊂ Λ g,P (K) by Proposition 5.8). If this is not the case then there are a, b ∈ O g,P such that (a, b) = (0, 0) and ay ℘,K ′ = by ℘ ∈ Λ g,P (Q). It follows from (7.3) that ay ℘,K ′ = τ (ay ℘,K ′ ) = −ay ℘,K ′ , which shows that 2ay ℘,K ′ = 0. This contradicts the fact that, by Proposition 7.2, y ℘,K ′ is non-torsion over O g,P . Therefore the O g,P -module generated by y ℘ and y ℘,K ′ has rank 2, which is impossible because r alg,p (g/K ′ ) = 1 by part (1) of Theorem 5.4. We conclude that r alg,p (g/Q) = 0, as claimed.
Finally, since y ℘,K ′ is non-torsion, X P (g/K ′ ) is finite by part (2) of Theorem 5.4 and Remark 5.24, and then X P (g/Q) is finite by Lemma 5.26.
Similarly to the rank 1 case, the only condition that we imposed on p is that it belong to Ω f , whose complement in the set of primes that are ordinary for f is finite. Therefore Theorem 7.4 implies the rank 0 part of Theorem A. Proof. Since ε(f (p) ) = 1, we have r min (f (p) ) = 0, and Theorem 7.4 immediately implies the corollary.
As remarked in the introduction, this result is consistent with (and offers some evidence for) Conjecture 5.3. trivial, hence Hom G ρ, Ind G H (ϕ) = 0. Since ρ is irreducible, this means that there is an injective morphism of representations of G from ρ to Ind G H (ϕ). On the other hand, by [35, Proposition 2.3.11] one has dim Ind G H (ϕ) = [G : H] dim(ϕ) = 2 = dim(ρ), which implies that ρ and Ind G H (ϕ) are isomorphic. Let F be a finite field and letF be an algebraic closure of F. Definition A.2. A (continuous) irreducible representation ρ : G Q → GL 2 (F) is dihedral if there is a quadratic field K ⊂Q such that ρ is induced from a character of G K .
Equivalently, a representation as in Definition A.2 is dihedral if its projective image is isomorphic to the dihedral group D n for some n ≥ 3.
Corollary A.3. Let ρ : G Q → GL 2 (F) be an irreducible representation. If ρ is not dihedral then ρ| G K is irreducible for every quadratic field K.
Proof. Immediate from Proposition A.1.
In light of Corollary A.3, if we chose f so thatρ f,p is not dihedral then in §5.4 we could directly use [8, Theorem 6.5], up to the minor corrections to [8] that are pointed out in [55, Remark 1.3] .
